Abstract. We define a semi-symmetric semi-metric connection in a nearly transSasakian manifold and we consider semi-invariant submanifolds of a nearly trans-Sasakian manifold endowed with a semi-symmetric semi-metric connection. Moreover, we also obtain integrability conditions of the distributions on semi-invariant submanifolds.
Introduction
In 1985, Oubina [19] introduced a new class of almost contact Riemannian manifold known as trans-Sasakian manifold. This class contains α-Sasakian and β-Kenmotsu manifold [12] . In 2000, C. Gherghe [10] introduced a nearly trans-Sasakian structure of type (α, β), which generalizes transSasakian structure in the same sense as nearly Sasakian generalizes Sasakian one. A trans-Sasakian structure is always a nearly trans-Sasakian structure. Moreover, a nearly trans-Sasakian structure of type (α, β) is nearly-Sasakian [2, 3] or nearly Kenmotsu [1] or nearly cosymplectic [7] accordingly as β = 0; or α = 0 or α = 0 = β.
In 1986, Bejancu [6] introduced the notion of semi-invariant or contact CR-submanifolds, as a generalization of invariant and anti-invariant submanifolds of an almost contact-metric manifold and was followed by several geometers (see [1, 2, 4, 5, 13, 15, 17] ). In this paper, we study semi-invariant submanifolds of a nearly trans-Sasakian manifold with semi-symmetric semimetric connection.
Let M be a n-dimensional smooth manifold and let ∇ be a linear connection on M . The torsion tensor T and the curvature tensor R of ∇ are respectively given by
In 1924, A. Friedmann and J. A. Schouten [9] introduced the notion of a semi-symmetric linear connection. A linear connection ∇ is said to be a semi-symmetric connection, if its torsion tensor T is of the form
where η is a 1-form. The connection ∇ is symmetric if the torsion tensor T vanishes, otherwise, it is non-symmetric. The connection ∇ is metric connection if there is a Riemannian metric g in M such that ∇g = 0, otherwise is non-metric. It is well known that a linear connection is symmetric and metric if and only if it is the Levi-Civita connection.
Some properties of semi-invariant submanifolds, CR-submanifolds and submanifolds endowed with semi-symmetric connection were studied (see [1-4, 8, 18] ), respectivly.
In this paper, we study semi-invariant submanifolds of nearly transSasakian manifolds with a semi-symmetric semi-metric connection. The paper is organized as follows. In Section 2, we give a brief introduction of nearly trans-Sasakian manifold and recall some necessary details about semi-invarint submanifolds. In Section 3, we derive the Nijenhuis tensor for nearly trans-Sasakian manifolds with semi-symmetric semi-metric connection. In Section 4, some basic results on nearly trans-Sasakian manifolds with semi-symmetric semi-metric connection are obtained. In Section 5, integrability of some distributions on nearly trans-Sasakian manifolds with semi-symmetric semi-metric connection are discussed.
Preliminaries
Nearly trans-Sasakian manifolds. LetM be an almost contact metric manifold [7] with an almost contact metric structure (φ, ξ, η, g) that is, φ is a (1,1) tensor field, ξ is a vector field, η is a 1-form and g is a compatiable Riemannian metric such that
for all vector fields X, Y on TM . An almost contact metric manifold is called Sasakian if
and Kenmotsu if
An almost contact metric structure (φ, ξ, η, g) onM is called a trans-Sasakian structure [17] if (M × R, J, G) belongs to the class W 4 of the Gray-Hervella classification of almost Hermitian manifolds [11] , where J is the almost complex structure onM × R defined by
for all vectors fields X onM and smooth function a onM × R and G is the product metric onM × R. This may be expressed by the condition [7] (2.4)
for some smooth functions α and β onM and we say that the trans-Sasakian structure is of type (α, β). From the formula (2.4), it follows that [7] (2.5)
The class C 6 ⊕ C 5 [16] coincides with the class of trans-Sasakian structures of type (α, β). We note that trans-Sasakian structures of type (0,0) are cosymplectic [7] , trans-Sasakian structures of type (0, β) are β-Kenmotsu [12] , trans-Sasakian structures of type (α, 0) are α-Sasakian [12] . Recently, C. Gherghe [10] introduced a nearly trans-Sasakian structure of type (α, β). An almost contact metric structure (φ, ξ, η, g) onM , is called a nearly trans-Sasakian structure [10] if
A trans-Sasakian structure is always a nearly trans-Sasakian structure. Moreover, a nearly trans-Sasakian structure of type (α, β) is nearly-Sasakian [4] or nearly Kenmotsu [1] or nearly cosymplectic [7] according as β = 0, α = 1; or α = 0, β = 1; or α = 0, β = 0, respectively. A nearly trans-Sasakian structure of type (α, β) will be called nearly α-Sasakian (resp. nearly β-Kenmotsu) if β = 0 (resp. α = 0). Now we remark that owing to the existence of a one form η, we define a semi-symmetric semi-metric connection in an almost contact manifold by [1] 
Using (2.7) and (2.6), we get
Semi-invariant submanifolds. Let M be a submanifold of a Riemannian manifoldM endowed with Riemannian metric g. Then Gauss and Weingarten formulae are respectively given bȳ
where∇, ∇ and ∇ ⊥ are the semi-symmetric semi-metric, induced connection and induced normal connections inM , M and the normal bundle T ⊥ M of M respectively, and h is the second fundamental form related to A by
Moreover, if φ is a (1, 1) tensor field onM for X ∈ T M and N ∈ T ⊥ M we have
where Let M be a submanifold of an almost contact metric manifold. If ξ ∈ T M then, we write T M = {ξ} ⊕ {ξ} ⊥ , where {ξ} is the distribution spanned by ξ and {ξ} ⊥ is the complementary orthogonal distribution of {ξ} in M . Then one gets P ξ = 0 = F ξ, ηoP = 0 = ηoF, (2.16)
For X ∈ T M, we can write
where U 1 and U 0 are the projection operators of T M on D 1 and D 0 , respectively. A semi-invariant submanifold of an almost contact metric manifold becomes an invariant submanifold ( [6] , [1] ) (resp. anti-invariant submanifold
The Nijenhuis tensor
An almost contact metric manifold is said to be normal [7] if the torsion tensor N (1) vanishes:
where [φ, φ] is the Nijenhuis tensor of φ and d denotes the exterior derivative operator. In this section, we obtain expression for Nijenhuis tensor [φ, φ] of the structure tensor field φ given by
in a nearly trans-Sasakian manifold. In particular, we derive the expressions for the Nijenhuis tensor [φ, φ] in nearly Sasakian manifold and nearly Kenmotsu manifolds. First, we need the following lemma.
Lemma 3.1. In an almost contact metric manifold we have
which give the equation (3.3) . Now, we prove the following theorem.
Theorem 3.2. In a nearly trans-Sasakian manifold with semi-symmetric semi-metric connection, the Nijenhuis tensor [φ, φ] of φ is given by
Proof. Using Lemma (3.1) and ηoφ = 0 in (2.6), we get
Thus,
which implies the equation (3.4) . From Equation (3.4), we get
In particular, if X and Y are perpendicular to ξ, then (3.4) gives
Corollary 3.3. In a nearly Sasakian manifold, the Nijenhuis tensor [φ, φ] of φ is given by
Consequently,
In particular, if X and Y are perpendicular to ξ, then
Corollary 3.4. In a nearly Kenmotsu manifold, the Nijenhuis tensor
Some basic results
Let M be a submanifold of a nearly trans-Sasakian manifold with semisymmetric semi-metric connection. Using (2.12), (2.14) in (2.8) for X, Y ∈ T M , we get
Consequently, we have
Proposition 4.1. Let M be a submanifold of a nearly trans-Sasakian manifold with semi-symmetric semi-metric connetion. Then
for all X, Y ∈ T M . Now, we state the following proposition.
Proposition 4.2. Let M be a submanifold of a nearly trans-Sasakian manifold with semi-symmetric semi-metric connetion. Then
The proof is straightforward. Proof. From D 1 ⊕{ξ} = Ker(F ) and (2.17), we have
and th(X, Y ) = 0 in (4.2), we get
for all X, Y ∈ D 1 ⊕{ξ}. This completes the proof.
Theorem 4.4. Let M be a semi-invariant submanifold of a nearly transSasakian manifold with semi-symmetric semi-metric connection. Then
Proof. In view of (4.2) and autoparallelness of D 0 ⊕{ξ}, we get (i), while in view of (4.3) and appropriateness of D 1 ⊕{ξ}, we get (ii).
In view of Proposition 4.3 and Theorem 4.4(ii), we get Theorem 4.5. Let M be a submanifold of nearly trans-Sasakian manifold with semi-symmetric semi-metric connection with ξ ∈ T M . If M is invariant then M is nearly trans-Sasakian. Moreover,
Integrability conditions
Integrability of the distribution D 1 ⊕ {ξ}. We begin with a lemma Lemma 5.1. Let M be a semi-invariant submanifold of a nearly transSasakian manifold with semi-symmetric semi-metric connection.
or equivalently,
Proof. Equation (5.1) follows from D 1 ⊕{ξ} = Ker(F ) and (4.6). Equivalence of (5.1) and (5.2) is obvious.
In view of (5.1) and D 1 ⊕{ξ} = Ker(F ), we can state following theorem.
Theorem 5.2. The distribution D 1 ⊕{ξ} on semi-invariant submanifold of a nearly trans-Sasakian manifold with semi symmetric semi metric connection is integrable, if and only if
Definition 5.3. Let M be a Riemannian manifold with the Riemannian connection ∇. A distribution D on M will said to be nearly autoparallel if
Thus, we have the following flow chart:
Parallel ⇒ Autoparallel ⇒ Nearly autoparallel, Parallel ⇒ Integrable, Autoparallel ⇒ Integrable, and Nearly autoparallel + Integrable ⇒ Autoparallel.
Theorem 5.4. Let M be a semi-invariant submanifold of a nearly transSasakian manifold with semi-symmetric semi-metric connection. Then the following four statements
In particular, if D 1 ⊕{ξ} is integrable, then the above four statement are equivalent.
Let X, Y ∈ D 1 ⊕{ξ}. Using (2.1) and (2.14) in (3.1), we get
On the other hand, from equation (3.5), we have
which implies that
Also we have
In view of (5.5) and (5.7), we get
Theorem 5.5. The distribution D 1 ⊕ {ξ} is integrable on a semi-invariant submanifold M of nearly trans-Sasakian manifold with semi symmetric semimetric connection if and only if the following two statements are simultaneously true.
) is true and from (5.8) we get
Applying φ to the above equation
Taking the normal part, we get (5.10). Conversely, let (5.9) and (5.10) be true. Using (5.10) in (5.8), we get
Applying φ to the above equation and using ( IfM is a trans-Sasakian manifold then for all X ∈ D 1 ⊕{ξ} it is known that h(X, ξ) = 0 and U 0 ∇ X ξ = 0. Hence, in view of previous theorem, we have Lemma 5.7. Let M be a semi-invariant submanifold of a nearly transSasakian manifold with semi-symmetric semi-metric connection. Then
Proof. For X, Y ∈ D 0 ⊕{ξ} and Z ∈ T M , we have
and hence, we have
On the other hand
Thus from above two relations, we get
For X, Y ∈ D 0 ⊕ {ξ}, we calculate (∇ X φ)Y as follows. In view of
which in view of (2.8), gives
Now using (5.13) in (5.12) we get (5.11).
In view of Ker(P ) = D 0 ⊕ {ξ}, this leads to the following. Proof. If D 1 is integrable then for X, Y ∈ D 1 it follows that dη(X, Y ) = 0 and [φ, φ](X, Y ) ∈ D 1 . Therefore, for X ∈ D 1 in view of (3.6), we get 0 = η([φ, φ](X, P X) + 2dη(X, P X)ξ), η(N 1 (X, P X)) = 4αg(φX, P X) = 4αg(P X, P X), which is a contradiction.
